Satellite laser ranging (SLR) to low Earth orbiters (LEOs) provides optical distance measurements with mm-to-cm-level precision. SLR residuals, i.e., differences between measured and modeled ranges, serve as a common figure of merit for the quality assessment of orbits derived by radiometric tracking techniques. We discuss relevant processing standards for the modeling of SLR observations and highlight the importance of line-of-sight-dependent range corrections for the various types of laser retroreflector arrays. A 1-3 cm consistency of SLR observations and GPS-based precise orbits is demonstrated for a wide range of past and present LEO missions supported by the International Laser Ranging Service (ILRS). A parameter estimation approach is presented to investigate systematic orbit errors and it is shown that SLR validation of LEO satellites is not only able to detect radial but also along-track and cross-track offsets. SLR residual statistics clearly depend on the employed precise orbit determination technique (kinematic vs. reduced-dynamic, float vs. fixed ambiguities) but also reveal pronounced differences in the ILRS station performance. Using the residual-based parameter estimation approach, corrections to ILRS station coordinates, range biases, and timing offsets are derived. As a result, root-mean-square residuals of 5-10 mm have been achieved over a 1-year data arc in 2016 using observations from a subset of high-performance stations and ambiguity-fixed orbits of four LEO missions. As a final contribution, we demonstrate that SLR can not only validate single-satellite orbit solutions but also precise baseline solutions of formation flying missions such as GRACE, TanDEM-X, and Swarm.
Introduction
The use of global navigation satellite system (GNSS) receivers on board of low Earth orbiters (LEOs) has become Institute of Geodesy and Geoinformatics, Wrocław University of Environmental and Life Sciences, Grunwaldzka 53, 50-357 Wrocław, Poland standard for precise orbit determination (POD) of these satellites. Post-processing of carrier phase data from dualfrequency GNSS receivers enables a positioning of the satellite with errors in the few cm range. To date, most of the onboard GNSS receivers track signals from the Global Positioning System (GPS) only.
For POD purposes, GPS observations are most commonly processed in an undifferenced precise point positioning (PPP) mode, even though the double-difference processing of either space baselines or space-ground baselines may be preferred in specific applications (Jäggi et al. 2007b ). The GPS orbits and, in case of undifferenced processing, the GPS satellite clock corrections are usually introduced as fixed external products. Besides the actual orbit parameters, receiver clock offsets and phase ambiguity parameters need to be estimated. Most commonly, ambiguities are adjusted as float-valued parameters, even though an improved performance can be achieved when fixing them to integer values. Given the complexity of a traditional double-difference processing, the use of single-receiver ambiguity resolution concepts (Lau-richesse et al. 2009; Bertiger et al. 2010 ) is gaining more widespread attention for precise orbit determination of LEO satellites.
Generally, three types of LEO POD approaches can be distinguished. In a kinematic POD (Švehla and Rothacher 2002) the GPS data are used for the determination of the threedimensional satellite position at given observation epochs in a purely geometrical way. This type of orbit is, therefore, fully independent of any force model for the LEO satellite, even though it may indirectly be affected by dynamical models used in the generation of the GPS orbit and clock products. In a purely dynamic POD, on the other hand, the satellite orbit is restricted to obey an equation of motion (Schutz et al. 1994) . Here, the GPS observations (or other types of tracking data) are used to estimate the initial or boundary conditions for a given orbit arc along with additional force model parameters. In contrast to the kinematic POD, this enables the determination of the satellite position (and velocity) also for times at which no tracking data are observed. The performance of a dynamic orbit determination strongly depends on the quality of the gravitational and non-gravitational force modeling. Uncertainties in these models render it impossible to exploit the inherent accuracy of the GNSS carrier phase measurements.
The reduced-dynamic POD technique (Wu et al. 1991; Yunck et al. 1994 ) combines the advantages of kinematic POD (independence of LEO force models) and dynamic POD (continuous orbit representation governed by physical laws) by introducing different kinds of stochastic parameters in the trajectory model. These parameters may comprise empirical accelerations or instantaneous velocity changes (Tapley et al. 2004; Jäggi et al. 2006 ) that are adjusted within the orbit determination and help compensate remaining force model deficiencies. Depending on their a priori constraints and spacing a continuum of orbit solutions in between the purely kinematic and the purely dynamic orbit can be obtained (Jäggi et al. 2007a) . A proper selection of the stochastic orbit parameters and their constraints allows for the generation of LEO orbit solutions of the highest quality and is nowadays widely applied.
Within this study, we demonstrate the use of satellite laser ranging (SLR) for validating GPS-based precise orbit products for LEO satellites and assess the POD performance achieved in various missions using different POD strategies. We also investigate the tracking performance of the international laser ranging network and show how high-precision orbits of LEO satellites can contribute to a better understanding and calibration of site-specific ranging errors. Section 2 starts with an overview of missions equipped with GPS receivers and laser retroreflector arrays (LRAs) and discusses the present status of SLR-based orbit validation for satellites in low Earth orbit. Section 3 describes the methodology of SLR residuals computation and analysis, which is applied in Sect. 4 to investigate systematic errors in LEO orbits and laser ranging stations. Section 4.3 addresses laser ranging of formation flying satellites, which can be alternately tracked by the same station during a single pass. Finally, a summary is provided and conclusions drawn in Sect. 5.
SLR for LEO orbit validation
The increasing demand for high-precision orbit products in geodetic and remote sensing missions in low Earth orbit (Roselló Guasch et al. 2010; Quartly et al. 2017) implies a need to assess the achievable orbit determination performance and to verify its compatibility with mission requirements. While observation residuals, internal consistency checks or cross-comparison to orbit solutions produced by independent software packages may provide some form of performance metric and help to identify selected problems in a POD, a fully independent external orbit validation by means of other types of measurements is of key importance. Satellite laser ranging (Combrinck 2010) provides such a tool for independent orbit validation and has the advantage that the required onboard payload is merely a passive LRA.
Three basic LRA designs that are widely used in LEO missions are shown in Fig. 1 . They comprise between four and nine individual prisms in a rotationally symmetric arrangement that ensures good reflection properties over a wide range of incidence angles. LRAs manufactured by the GeoForschungsZentrum (GFZ), Potsdam, have first been flown on the CHAMP and GRACE missions but are likewise used on the TerraSAR-X and TanDEM-X synthetic aperture radar (SAR) missions and the Swarm constellation. They consist of 4 corner cube prisms arranged in a regular 45 • pyramid (Neubert et al. 1998 Table 1 presents an overview of LEO missions equipped with both a GPS receiver for POD and an LRA for satellite laser ranging. This list is not intended to be exhaustive but focuses on LEO missions considered in this study: It was equipped with a 16 × 3-channel "BlackJack" (or Turbo Rogue Space Receiver, TRSR-2) GPS receiver manufactured by NASA's Jet Propulsion Laboratory (JPL). Up to 10 satellites could be tracked for POD purposes using signals from a zenith-mounted choke ring antenna (Montenbruck and Kroes 2003) . For SLR tracking a GFZ retroreflector array consisting of 4 corner cube prisms was employed. In the framework of the CHAMP Orbit Comparison Campaign Švehla and Rothacher (2003) validated reduced-dynamic and kinematic CHAMP orbits for 11 days in 2001. The authors reported root-mean-square (RMS) values of 4.4 cm for SLR residuals of reduced-dynamic orbits and 5.6 cm for those of kinematic orbits, respectively. -The Gravity Recovery And Climate Experiment (GRACE, Tapley et al. 2004 ) was designed to measure the Earth's gravity field and especially its time variations with high spatial resolution. The mission consisted of two satellites, GRACE-A and GRACE-B, orbiting the Earth on very similar orbits at a representative separation of 200 km. GRACE used a K-band inter-satellite link to measure the distance between both satellites with a precision of about 10 µm at a 5 s data interval. The GRACE spacecraft were equipped with a similar type of GPS receiver (Dunn et al. 2002) and the same LRA as CHAMP. A maximum of 10 GPS satellites were concurrently tracked for POD purposes. In their analysis of GPS-based orbit determination results for four months in the early mission phase, Kang et al. (2006) Schutz et al. 2005) carried the Geoscience Laser Altimeter System (GLAS) as its primary payload, which provided high-precision elevation data for determining the mass balance of the Greenland and Antarctic ice sheets. Precise orbits were derived from GPS tracking with a BlackJack GPS receiver (configured to track up to 8 satellites, Holt et al. 2003) and partly using SLR. The 9-prism LRA uses the same design as the Jason satellites. To protect the GLAS instrument, no SLR tracking was permitted above 70 • elevation. Using observations from ten ILRS stations, the University of Texas's Center for Space Research (UT/CSR) initially obtained RMS SLR residuals of 2.0 cm. These could later be reduced to 1.4 cm on average over different mission phases through refined POD techniques (Yoon et al. 2012 ). -The Jason-1, -2, and -3 satellites (Lambin et al. 2010) are part of a series of oceanography missions that started in 1992 with the US/French TOPEX/Poseidon mission. The primary payload of these missions consists of an altimeter that measures the satellite's height above the sea surface. Since radial orbit errors directly affect the derived sealevel changes, orbit determination solutions of the highest precision and accuracy are required for these missions. To achieve this goal, the Jason satellites are equipped with a DORIS (Doppler Orbitography and Radiopositioning Integrated by Satellite; Auriol and Tourain 2010) receiver, a BlackJack GPS receiver (Haines et al. 2011 ) and a 9-prism laser retroreflector array. For Jason-1 SLR residuals of 1.7 cm (RMS) were reported for 6 months of GPS-only reduced-dynamic orbit determination results in 2002 by Luthcke et al. (2003 (Zin et al. 2006 ) for precise orbit determination and carried a 7-prism IPIE retroreflector specifically adapted to the low orbit height. In their analysis of precise science orbits (PSOs) generated by the GOCE high-level processing facility (HPF), Bock et al. (2014) obtained SLR residuals of 1.8 cm for reduceddynamic orbits and 2.4 cm for kinematic orbits over the entire mission duration (RMS for April 2009 to Oct. 2013). -TerraSAR-X and TanDEM-X satellites (Buckreuss et al. 2003; Krieger et al. 2010) are SAR satellites orbiting the Earth in a close formation to support bistatic interferometry and generation of a global digital elevation model. The spacecraft carry an Integrated Geodetic and Occultation Receiver (IGOR; Montenbruck et al. 2006) , which represents an industrialized version of the BlackJack receiver, and a complementary retroreflector of GFZ for orbit validation. Initial analyses of TerraSAR-X POD products resulted in SLR residuals of 2.2-2.9 cm (Yoon et al. 2009 ), while RMS residuals of 1.7 cm and 1.3 cm where later reported in Hackel et al. (2017) for the operational POD solutions and a new set of experimental products based on improved orbit models, respectively.
-The Swarm mission aims at a high-resolution spatial and temporal mapping of the Earth's magnetic field and the electric field of its atmosphere (Friis-Christensen et al. 2008) . It includes two formation flying satellites (Swarm-A/C) at a typical separation of 100-150 km and a third spacecraft (Swarm-B) orbiting the Earth at a 50 km higher altitude and in a different orbital plane. All satellites are equipped with an 8×3-channel GPS receiver (Zangerl et al. 2014 ) and the GFZ 4-prism retroreflector. The performance of the Swarm PSOs generated by the Delft University of Technology was assessed in van den IJssel et al. (2015) . Here, SLR residuals of 1.0-2.0 cm (RMS) were obtained for the individual satellites over a 1-year data arc in 2014, while kinematic orbits for this period exhibit RMS residuals of 4.1-4.7 cm. Over a similar period, RMS residuals of 2.7-3.3 cm for the individual Swarm satellites were obtained by Jäggi et al. (2016) using an independent set of kinematic orbits and highquality SLR stations. -The Sentinel-3 mission is part of the European Copernicus program and focuses on ocean monitoring (Fletcher 2012; Donlon et al. 2012 ). Similar to Jason, highperformance orbit determination is required for the processing of altimeter data, and the spacecraft is likewise equipped with a DORIS receiver, a GPS receiver (similar to that of Swarm, Montenbruck et al. 2017 ) and an SLR reflector (similar to that of GOCE). GPS-based precise orbit solutions are routinely generated as part of the Copernicus POD service (CPOD). SLR residuals of 1.8 cm (RMS) were obtained by Fernández et al. (2016) in the initial analyses of the CPOD orbit products for August 2016.
The aforementioned results evidence the relevance of SLR tracking for the validation of GPS-based precise orbit products and provide a first indication of the achievable POD performance. Unfortunately, published SLR residual statistics for the individual missions cannot be strictly compared due to the use of different sets of stations as well as different data screening limits applied by individual processing centers and authors.
An effort has therefore been made to analyze a set of publicly available orbit products for the individual LEOs in a consistent manner (Table 2 ). SLR observations for the analysis were provided by the International Laser Ranging Service (ILRS; Pearlman et al. 2002) . For each mission, we provide the SLR residuals statistics for both the full set of contributing stations as well as a subset of 12 highquality stations (Graz, Greenbelt, Haleakala, Herstmonceux, Hartebeesthoek, Matera, Mt Stromlo, Potsdam, Yarragadee, Wettzell (two stations), and Zimmerwald). These highquality stations typically contribute 50-75 % of all tracking points and exhibit mean values and standard deviations of The results given in Table 2 demonstrate a 1.5-2.5 cm consistency of GPS-based reduced-dynamic orbit solutions with the SLR measurements. Slightly inferior results are also achieved for kinematic orbit products that do not benefit from the constraints of a dynamical orbit model.
By their very nature, SLR residuals constitute a measure of the one-dimensional (1D) orbit error. Under the simplifying assumption of zero mean errors and identical standard deviations in all directions, a rule-of-thumb estimate of the corresponding 3D position error is given by σ pos = √ 3σ SLR , which amounts to 2.5-4.5 cm for the aforementioned orbit products. A similar relation σ pos = (1.5 ± 0.2)σ SLR between orbit errors and SLR residuals was established empirically by Boomkamp (2003) in the frame of the CHAMP orbit comparison campaign, but might need modification for different missions and orbital altitudes.
In practice, however, SLR residuals of LEO satellite provide an average of the projected position error over a limited range of line-of-sight directions. Depending on the satellite's altitude and the station elevation mask, the lines-of-sight are confined to a cone of about 50 • -80 • about the satellite's nadir direction. The SLR measurements are therefore most sensitive to radial contributions of the orbit error, which is more tightly constrained than the along-track component in a reduced-dynamic orbit determination. As such, SLR residual On the other hand, SLR residuals are not a measure of orbit errors alone, but include additional error contributions related to the laser ranging measurement and its modeling. A comparison of SLR residuals for different sets of stations in Table 2 clearly shows that these errors may indeed constitute a limiting factor for the quality assessment of highperformance orbit products. This is best seen for Jason-2 that shows a factor-of-two improvement in the RMS residuals, when considering only measurements from stations known for their good data quality. While the histogram of SLR residuals over all stations exhibits notable distortions (Fig. 2) , a much narrower and near-Gaussian distribution is obtained for the aforementioned selection of high-performance sta-tions. Obviously, due care must be taken to ensure that SLR sensor noise and calibrations as well as measurement models used in the data analysis are fully competitive with the accuracy of advanced orbit products for present LEO missions. Before investigating these aspects in more detail, we provide a summary of state-of-the-art SLR models and present specific processing strategies that can help to identify systematic measurement or orbit errors.
Methods
Satellite laser ranging stations measure the turn-around time of a signal emitted by the station and received again after being reflected at the target satellite. The total ("2-way") time of flight τ given by the timing measurement can, alternatively, be expressed as a range value
where c denotes the vacuum speed of light. This range is essentially the "1-way" distance between the target satellite and the SLR station, but various signal propagation effects must be taken into account for a more rigorous modeling. Throughout this publication, "SLR residuals" refer to the difference ρ o − ρ c of observed and computed range values based on Eq. (1). An overview of key contributions considered in the SLR range model is given in Table 3 .
Range model
Given the ground receive time t of the return signal as measured by the station and reported in the consolidated laser ranging data format (CRD; Ricklefs and Moore 2009), a range measurement may be described by the model
where ρ up and ρ down are the (light-time corrected) up-and downlink distances between the reference points of the station and the satellite. The relativistic correction Δρ rel takes into account the range delay caused by the gravitational deflection of light in the vicinity of the Earth, Δρ trop is the tropospheric range delay and Δρ LRA is an LRA-specific range correction that takes into account the difference between the station distance from the LRA reference point and the actual signal path within the LRA (see Sect. 3.2). contains satellite-and station-specific systematic errors which affect the measured range, in particular orbit offsets (see Sect. 4.1), range biases b (see Sect. 4.2.1), and range errors Δρ t introduced by timing offsets at the stations (see Sect. 4.2.3). In accordance with Eq.
(1), all corrections refer to a single leg of the total signal path, or, more rigorously, the arithmetic average of the up-and downlink. When working in an inertial reference frame, the up-and downlink ranges are described by the equations
where r and R denote the time-dependent positions of the LEO satellite and the SLR station, respectively. The unknown up-and downlink light times are implicitly defined by the relations (Petit and Luzum 2010) LRA range correction LRA specific (Neubert 2009; Montenbruck and Neubert 2011) and can be iteratively solved using the initial approximations
Expanding the motion of the station around the instant of signal reflection at the satellite, neglecting quadratic terms in the total light time τ = τ up + τ down , and assuming τ up ≈ τ down ≈ τ/2, the simplified relation
is obtained, which provides an adequate approximation for most purposes. For LEO satellites, the approximation error is below 0.5 mm. Given the fact that both station coordinates and GPSbased LEO satellite orbits are most commonly expressed in an Earth-fixed (ef) reference frame, an alternate formulation
of Eq. (3) [and equivalently Eq. (4)] is useful that takes into account the Earth rotation and avoids the explicit transformation of station and satellite coordinates into an inertial frame. Here, R z (ω ⊕ τ ) describes the differential Earth rotation over a small time interval τ assuming a pure z-axis rotation at the Earth's angular velocity ω ⊕ . The corresponding terms in Eq. (7) ensure that the station-satellite position difference is formed in a common (non-rotating) frame with the Earth's axes at the instant t − τ down of signal reflection at the LEO satellite. They are also known as Sagnac correction and arise when describing the propagation of light signals in a rotating reference frame both in a Newtonian and relativistic formulation (Ashby 2004) . For SLR tracking of LEO satellites, peak values of the correction for either the up-or downlink range from 2 m (7 ns) at 500 km altitude to twice that value at 1300 km. Since both contributions are of opposite sign, the combined effect on the modeled turn-around range cancels at the level of 0.1 mm. SLR station coordinates are provided as part of the SLR contribution (e.g., SLRF2008 or SLRF2014) to the International Terrestrial Reference Frame (ITRF). The respective positions are extrapolated to the time of interest using the site velocity as well as potential postseismic deformation parameters (since SLRF2014; see Altamimi et al. 2016 ). In addition, time-dependent tidal motions are considered based on conventional solid Earth, ocean and pole tide models (Petit and Luzum 2010) and site-specific ocean loading coefficients made available through the Onsala Space Observatory (Chalmers 2016 ). Further refinement of the station coordinate modeling can be achieved by consideration of atmospheric pressure loading (APL), which may induce position changes at the few-mm to 1-cm level (Bury and Sośnica 2017) . For the assessment of APL effects on the analysis of LEO SLR data (see Sect. 4 .2) we make use of 6-hourly APL values provided by the Technical University of Vienna on a 1 • × 1 • longitude/latitude grid (Wijaya et al. 2013) .
The motion of the LRA reference point onboard the LEO satellite is obtained by adding the offset vector of the LRA with respect to the center of mass (CoM) to the CoM trajectory as interpolated from the LEO POD product. To obtain this offset vector in the analysis reference frame knowledge of the spacecraft orientation is required. In view of the highprecision SLR observations, attitude quaternions describing the true (rather than nominal) orientation of the spacecraft body frame must be made available through the spacecraft operator along with information on the CoM and LRA position in this frame.
Strictly speaking, use of Eqs. (3) and (7) implies that station and satellite coordinates are referred to an identical reference frame, but this requirement cannot be rigorously met in practice. Through the GPS orbit products used in the POD processing, LEO satellite orbits derived from GPS observations are implicitly tied to the International GNSS Service (IGS, Dow et al. 2009 ) realization of the International Terrestrial Reference System. SLR site coordinates, on the other hand, refer to an SLR-specific realization. It is generally assumed that the associated differences can be neglected when working with corresponding frame realizations, i.e., the technique-dependent frames contributing to a common release of the International Terrestrial Reference Frame [e.g., IGS08/IGb08 Rebischung 2012) and SLRF2008 (ILRS 2016) for ITRF2008].
On top of the basic free-space signal propagation model of Eqs. (3)/(7) a general relativistic correction
is required to take into account the range change caused by gravitational bending of the light path (Shapiro effect; Petit and Luzum 2010). The ratio 2G M ⊕ /c 2 of twice the Earth's gravitational coefficient and the squared speed of light denotes the Schwarzschild radius of the Earth and amounts to roughly 9 mm. For LEO satellites with orbital altitudes of 200-2000 km, the resulting effect on the SLR measurement varies between about 0.3-2.5 mm at zenith and 2-7 mm at the horizon. Finally, tropospheric range delays need to be taken into account in the SLR range model. In accordance with current IERS conventions (Petit and Luzum 2010) , the zenith delay and mapping function for optical wavelength of Mendes and Pavlis (2004) are employed along with meteorological data reported by the SLR stations along with the ranging observations. The tropospheric delay ranges from about 2 m at zenith to 14 m at 10 • elevation and can be modeled with an accuracy of about 7 mm (combined error of zenith delay and mapping function; Petit and Luzum 2010, p. 11).
LRA range correction
The up-and downlink ranges modeled by Eqs. (3) and (7) refer to a mission-specific LRA reference point. This may either be a mechanical reference point (MRP; e.g., the center of the mounting plane) or an optical reference point (ORP; e.g., intersection of the optical axes of all prisms). The actual SLR range differs from the modeled range of the reference point for two reasons. First, part of the light path takes place inside the prism, where the propagation speed is lower than in vacuum. Secondly, the distance from the station to the individual prisms differs from reference point distance by the line-of-sight projection of the prisms offset from the reference point. Following Neubert et al. (1998) , the range correction for a single prism i can be described by
where the two terms in square brackets describe the contributions of the internal light path and the prism offset, respectively. Here e denotes the line-of-sight unit vector from the LRA to the station, r i is the offset of the prism's input face center from the reference point, and n i is the unit vector along the optical axis of the prism. Furthermore, L and n g are the vertex height of the prism (i.e., the distance between the input face plane and the prism vertex) and its group refractive index. Depending on the signal strength and detector system of the SLR station, the total range correction for a multi-prism LRA is either determined by the nearest prism or a weighted average of prisms with an optical axis sufficiently close to the line-of-sight direction (Neubert et al. 1998) . While the multi-prism model yields a fairly smooth range correction, steeper variations in the transition region between the fieldsof-view of adjacent prisms may be observed in the nearestprism range correction model, which is suggested for singlephoton systems (R. Neubert, priv. comm.) .
Range corrections over a two-dimensional grid of direction angles were derived in Neubert (2009) for the 4-prism LRA of GFZ and in Montenbruck and Neubert (2011) for the two types of IPIE 7-prism retroreflector arrays.
A comparison of the modeled LRA range correction with range residuals obtained in the absence of the correction is shown in Fig. 3 for 10 months of Sentinel-3A laser ranging observations. The range correction pattern is clearly visible in the residuals and omission of the LRA correction introduces a pronounced bias of about − 23 mm. Superimposed azimuth-and elevation-dependent variations amount to roughly ± 5 mm (peak-to-peak) for this specific LRA design. Consideration of the line-of-sight-dependent correction results in a small, but still relevant, decrease in the standard deviation of the residuals as compared to a neglected or constant range correction. This is most evident for highperformance stations where a reduction of the RMS residuals at the 0.5 mm level is obtained.
Bias and offset estimation
While the performance assessment of GPS-based orbit determination using SLR observations is most commonly based on simple residuals statistics (e.g., mean, standard deviation, and/or RMS), further insight can be gained from the variation of residuals throughout a pass. As discussed in, e.g., Combrinck (2010) and McWilliams (2015) , range and timing biases as well as station position and orbit offsets yield distinct variations in the range observations, which can in turn be used to infer corrections to the respective parameters from the residuals analysis. By way of example, a stationspecific ranging bias will show up in a nonzero mean value of the residuals for that station, while a station timing bias will result in SLR residuals proportional to the range rate (or Doppler shift) across each pass.
Given a set of SLR observations ρ o,i , i = 1, . . . , n obs , a set of parameters of interest p k , k = 1, . . . , n p can be determined such that the computed ranges ρ c,i ( p k ) best fit the observations
in a least-squares sense, where v i are the observation residuals to be minimized. Linearization around p k = 0 yields the equations
where r i = ρ o,i − ρ c,i (0) are the classical SLR residuals obtained without parameter estimation, and where the partial derivatives are evaluated at p k = 0.
Other than a direct incorporation of SLR observations and the respective estimation parameters into a GPS + SLR-based orbit determination, the residual processing is well suited to study slowly varying biases and offsets that are difficult to estimate in short (daily) processing arcs. Also, residual-based parameter analyses can be performed based on published orbit solutions without requiring access to the full set of associated normal equations.
The required partial derivatives depend on the specific choice of parameters under study, but can conveniently be obtained as a byproduct of the range modeling itself. Regarding LEO position errors, a set of constant orbit offsets Δr R , Δr T , and Δr N , in radial (R), along-track (T), and normal (N) direction may be considered to investigate systematic force modeling errors, while constant offsets Δr x , Δr y , and Δr z along the spacecraft body axes may be preferred for the assessment of equipment accommodation offsets. Considering only the geometric part in the computed range, the respective partials
and ∂ρ c,i ∂(Δr x , Δr y , Δr z ) T = e T e x , e T e y , e T e z i
are obtained by projection of the RTN or x yz unit vectors on the line-of-sight unit vector e = (r − R)/||r − R||. Notice that the right hand sides are simply the components of the line-of-sight unit vector in the RTN or x yz coordinate frame, respectively. In a similar way, partials of the modeled range with respect to station coordinate offsets in east (e), north (n), and up (u) direction are given by
T e e , e T e n , e T e u i .
Range biases b are treated as additive constants in the modeled range and therefore result in unit partial derivatives
for the respective tracking station. Finally, the impact of station-specific timing offsets Δt is described by the partial derivative
where v and V are the inertial velocity vectors of the satellite and the station. As described in McWilliams (2015) , station and orbit offsets may result in (almost) identical variations of the range residuals across a single tracking pass and are only weakly decorrelated as a result of the Earth's rotation. Likewise, a global timing error is indistinguishable from a systematic orbit offset in along-track direction. The parameter estimation is therefore best performed using long data arcs (depending on the time scales to be resolved typically one 
SLR quality assessment and error analysis
Beyond the obvious use of SLR residuals statistics as a quality criterion for LEO orbits, the parameter estimation approach presented in Sect. 3.3 can be used to gain further insight into systematic errors of individual orbit products and the employed laser ranging network. These aspects are separately discussed in Sects. 4.1 and 4.2, respectively.
Orbit errors
To illustrate the analysis of systematic orbit errors in GPSbased LEO orbit products, we first present an analysis of Sentinel-3A orbit solutions obtained with and without phase pattern corrections. For this analysis, reduced-dynamic Sentinel-3A orbits were computed by the Astronomical Institute of the University of Bern (AIUB), covering the days of year (DOY) 054-335 of 2016. Initial orbit solutions were computed with nominal phase center offset information for this satellite. Using a residual stacking approach (Jäggi et al. 2009 ), phase variation (PV) maps of the main POD GPS antenna were estimated and applied.
Comparison of consecutive orbit solutions evidences systematic cross-track offsets between individual solutions (see Fig. 4 ), but this does not allow to discriminate which of these solutions best represents the true trajectory. For all orbit solutions radial, along-track, and cross-track offsets have therefore been estimated from SLR observations using the aforementioned high-quality stations. The cross-track values are shown in Fig. 4 as well. Both the mean orbit differences and the offset estimation are based on the period covering DOY 092-335, since Sentinel-3A was tracked by SLR only starting on April 1, 2016 (DOY 092).
It can be seen that the orbit solution obtained without PV correction exhibits a cross-track offset of nearly 2 cm. While this value decreases to almost zero after four iterations, further iterations increase it again and it converges toward a nonzero offset of approximately 5 mm. The SLR-derived offsets for orbits from different iterations (green curve in Fig. 4) are consistent with the respective orbit differences (red curve in Fig. 4 ) at the 0.3 mm level. While it is frequently assumed that SLR residuals are indicators of only the radial orbit errors, the present results illustrate that SLR tracking of LEO satellites can also be used with good confidence to assess systematic orbit errors in the perpendicular (i.e., cross-track and along-track) direction. It must be noted, though, that the interpretation of the resulting offsets is in no way unambiguous and may be affected by improper information on the LRA-CoM offset.
As a second example, we compare three different sets of Sentinel-3 orbit solutions computed by the AIUB, the Copernicus POD service (CPOD), and the German Aerospace Center (DLR). The three solutions mainly differ in their choice of float vs. fixed ambiguity and the handling of nongravitational forces. To assess any systematic differences between the solutions, position offsets relative to the orbital frame were derived from SLR tracking over a nine months period (Table 4) . Aside from an overall reduction in the SLR residuals, the ambiguity-fixed solution is almost free of cross-track biases, while systematic offsets perpendicular to the flight direction may be inferred for the float-ambiguity solutions. As discussed in Montenbruck et al. (2017) , the bias can likely be attributed to erroneous information on the lateral position of the center of mass (CoM), whereas the SLR-GPS offset is correctly reflected by spacecraft design data. In the float-ambiguity processing, the dynamical modeling aligns the modeled CoM with the true orbit and absorbs the incorrect lateral offset of the GPS antenna in the estimated ambiguities. The ambiguity-fixed solution, in contrast, properly represents the trajectory of the GPS antenna and LRA relative to the orbital plane, but results in a lateral shift of the CoM, which evidences itself through significant empirical accelerations in cross-track direction.
In radial direction, the estimated CoM trajectory (and thus also the corresponding LRA trajectory) is mainly governed by the dynamical models. A consistent radial leveling may be observed for the two processing schemes using macromodels for the modeling of non-gravitational forces. The AIUB processing results, in contrast, show a different radial offset due to the kinematic leveling (by estimation of a free radial acceleration), which relies on correct antenna/CoM information [see Peter et al. (2017) for a more detailed discussion of this aspect]. It must be stated, though, that SLR tracking cannot serve as an absolute truth reference for the assessment of radial orbit errors, since the results depend itself on a couple of other errors sources. Aside from uncertainties in the knowledge of the LRA-CoM offset vector and the LRA range corrections provided by the spacecraft operator or manufacturer, the SLR-derived radial position offsets are highly affected by station-specific range biases or height offsets that will be further addressed in the subsequent section. Among others, this correlation shows up in a 4 mm shift of the derived radial offset when switching from SLRF2008 to SLRF2014 station coordinates (Table 4) .
Station errors
For the analysis of ILRS network characteristics, we make use of a dedicated set of GPS-based precise orbit determination solutions for a total of four LEO missions (Swarm-C, TerraSAR-X, Sentinel-3A, and Jason-2) covering an altitude range of about 500-1300 km. Most of these orbit products were prepared specifically for this study using a reduced-dynamic approach with macro-models for the nongravitational forces and single-receiver ambiguity fixing. Details of the employed models and processing standards are described in Montenbruck et al. (2017) . Compared to nonambiguity-fixed solutions (such as those discussed before in Sect. 2), the present products offer a notably enhanced precision and are therefore best suited to assess the tracking network performance and individual station characteristics.
With the exception of Sentinel-3A that only became available in late March 2016, the data set covers the entire year of 2016 during which the four spacecraft were tracked by a total of 37 ILRS stations. Out of these, five stations (Altay, Kiev, Komsomolsk, San Fernando, and Simeiz) were discarded in our analysis because of extremely sparse tracking or unusually large tracking residuals. Overall, some 230,000 normal points were collected for the four satellites by the selected set of ILRS stations over the 1-year interval.
Aside from Jason with an orbital inclination of 66 • , all missions considered in the analysis use polar orbits and are usually tracked in ascending (south-to-north) and descending (north-to-south) passes. Possible errors in the horizontal station positions can thus be separated from in-plane position errors of the satellite orbit and show up in a systematic azimuth dependence of the residuals. Height errors, in contrast, can be inferred from a sin(E)-dependence of the residuals on elevation E. When estimating station height errors, it is, furthermore, mandatory to also adjust the range bias. Otherwise, height corrections would remove the elevation dependence but might increase the overall sum of the squared residuals.
Station positions and range biases
Based on these considerations, corrections to SLRF2008 a priori positions and range biases were adjusted for all stations as described in Sect. 3.3. The need to adjust the range biases along with the station coordinates was earlier emphasized by Coulot et al. (2007) . No simultaneous orbit adjustments were considered, since potential horizontal orbit errors will average out over the mix of ascending and descending passes, while estimation of orbit and station heights is fully correlated. As such, the resulting station height corrections are specific to the employed orbit products and subject to change when using other LEO missions or product types. Possible systematic biases in the adopted CoM-LRA offsets or mismodeled radial accelerations (see Sect. 4.1) will directly affect the inferred station height in the analysis.
Depending on the coverage of individual stations, formal uncertainties of about 1-2 and 2-4 mm are obtained for the horizontal and vertical components of the position corrections, respectively, when using a slightly conservative weight of 20 mm per normal point. Position and bias corrections themselves are well above the 1-cm level for the majority of stations and even reach the decimeter range for a few sites. When applying the respective corrections in the residuals computation a remarkable factor-of-two improvement in the RMS residuals can be noted (Table 5 ) that clearly evidences the significance of the derived corrections and underlines Table 5 SLR residuals (mean ± standard deviation) of Swarm-C, TerraSAR-X, Sentinel-3A, and Jason-2 ambiguity-fixed orbits before and after the adjustment of station coordinates and range biases. A common threshold of 0.2 m and an elevation mask of 10 • were applied in all cases Coordinates Uncorrected (mm) Corrected (mm) Stations SLRF2008 − 1.4 ± 24.2 0 .0 ± 11.7 3 2 SLRF2014 − 1.9 ± 16.5 0 .0 ± 11.7 3 2 obvious deficiencies in the employed SLRF2008 site coordinates and/or range calibrations. For comparison, we have therefore repeated the analysis using SLRF2014 site coordinates, which turn out to provide a notably better consistency with observations (Table 5) . Even though the SLRF2014 is formally "incompatible" with the IGb08 reference frame of the GPS-based LEO orbit products, it evidently provides much better coordinates for the period of interest (i.e., 2016). While this is easily understood for a station like Arequipa that lacks post-earthquake information in SLRF2008 and thus requires an 11 cm coordinate correction, most other stations also benefit from the use of SLRF2014 coordinates as well. While the median of the position corrections for all stations amounts to 30 mm for SLR2008, it reduces to 13 mm when working with SLRF2014 a priori coordinates. These findings are in line with the results of Zelensky et al. (2018) who showed by how much ITRF2008 deteriorates when extrapolated past the 2009 solution end.
An overview of position and range bias corrections for SLRF2014 is provided in Table 6 . Aside from the removal of a mean bias, clear improvements in the standard deviation may be recognized for at least five stations (Arkhyz, Brazilia, Irkutsk, Katzively, and Riga) when using the revised site coordinates and range bias corrections. For three of these (Arkhyz, Katzively, and Riga) strikingly large height corrections and associated range biases of 7-20 cm are inferred from the elevation dependence of the SLR residuals. These large height corrections are consistent to height corrections obtained independently in an ILRS-like processing of SLR observations to the laser geodetic satellites LAGEOS-1 and -2, provided that range bias parameters are estimated for all stations (K. Sośnica, priv. comm.) . While the exact cause of these discrepancies cannot be identified without further information of the station operator, an improper choice of the reference point for ranging measurements (typically the intersection of the two axes of the telescope mount) is considered as a potential explanation.
A reduction in SLR residuals by more than 10% in terms of standard deviation can also be recognized for a couple of high-performance stations such as Greenbelt, Monument Peak, and Wettzell (SOSW). Even though the position (and bias) corrections for these stations are much smaller than for the sites discussed before, the corrections still appear statistically significant. A review of the ranging system calibration and relevant local ties is encouraged to best exploit the superior ranging quality of the stations.
As illustrated in Fig. 5 , the majority of stations offer a ranging precision of better than 20 mm, and a substantial fraction of stations achieves a standard deviation in the 5-10 mm range. Aside from the ranging noise, which is particularly low for stations using kHz laser systems (e.g., Graz, Herstmonceux; Gibbs 2006), these values include a variety of possible measurement and modeling errors related to, e.g., time varying range calibration errors, timing, atmospheric tides, or tropospheric delays, and, finally, the errors of the employed LEO satellite orbits. On average over the previously selected set of 12 high-performance stations, SLR residuals of 7 mm standard deviation are obtained with the present orbit products (Fig. 6) . For individual missions, the RMS residuals range from 6.5 mm (Sentinel-3A) to 7.5 mm (Swarm-C).
Making use of other (non-ambiguity-fixed) orbit products from Table 2 , similar station coordinate corrections and range biases can be obtained. However, the results suffer from potential inconsistencies in the underlying reference frames due to the use of different GPS orbit products and/or the mix of different radiometric techniques (i.e., joint use of GPS and DORIS in the Jason-2 GDR-E products). Furthermore, the benefit of station coordinate and range bias adjustments for the SLR modeling is less obvious in that case due to the higher overall residuals level.
Loading effects
For illustration of long-term variations in the ranging performance, residuals for a subset of ILRS stations are presented in Fig. 7 . Over the 1-year analysis period, variations in the mean residuals over time scales of several months and peakto-peak amplitudes of about 1-2 cm may be recognized for the selected sites, which indicate seasonal variation in the range biases and/or the station coordinate modeling.
Possible explanations include Earth crust deformations due to land hydrology and atmospheric loading, both of which have been neglected in the standard modeling of station coordinates discussed so far. To assess the impact of these effects, we independently evaluated the effects of atmospheric pressure loading (APL) on the SLR residuals based on the Vienna APL products (Wijaya et al. 2013; GGOSATM 2017) for 2016. Among the deformation models neglected in our standard processing, APL is considered the leading contribution and may cause cm-level peak variations in the station coordinates (Dach et al. 2011) . Average annual signals are notably smaller, though, and range from 1-5 mm for stations of the ILRS network (Sośnica et al. 2013; Bury and Sośnica 2017) . Table 6 Estimated SLRF2014 position corrections in east (e), north (n), and up (u) direction and range biases (b) with formal uncertainties. In addition, the number of normal point (n np ) and the residuals before/after applying the respective corrections are given. All values are based on data for Jan. This is generally below the overall precision of the SLR measurements and their modeling, and only subtle effects can be recognized in the SLR residuals statistics. Along with a reduction of the standard deviation by about 0.5-1 mm, changes of similar magnitude are also obtained in the mean values. The latter is related to weather restrictions in the distribution of SLR observations and known as the "blue-sky" effect (Otsubo et al. 2004 ). On the other hand, consideration of APL does not or only partly remove the dominant seasonal trends observed in the residuals of many stations. Within the present study, discernible benefits were only observed for the Changchun station were the annual signal in the residuals is visibly flattened (see Fig. 7, left) .
Obviously, APL alone is unable to explain the observed seasonal variations in the SLR residuals. Since consistent time series are obtained for all four LEO satellites, either station-specific range bias calibration uncertainties or small systematic errors in the GPS orbit products (Loyer et al. 2012) used for our LEO POD are considered as plausible explanation for the remaining seasonal errors in the SLR observation modeling.
Timing biases
Aside from range biases and station position errors, the SLR measurements may also be affected by timing errors at the stations. Systematic biases in the station time do not affect measurements of the turn-around time of laser pulses, but result in erroneous measurement time tags. These will in turn cause range modeling errors Δρ t proportional to the line-of-sight velocity and the timing offset itself.
By way of example, a 1 µs bias in the measurement epoch will show up as a variation of up to ± 8 mm in the range residuals across a single pass of a LEO satellite. Given the availability of GPS-disciplined clocks, sub-µs timing accuracy should be expected for a properly maintained laser ranging station. Nevertheless, timing errors of up to a few µs as well as notable jumps or drifts were revealed within the ILRS network by Exertier et al. (2017) based on data of the Jason-2 "Time Transfer by Laser Link" (T2L2) experiment between 2013 and 2016.
As outlined in Sect. 3.3, timing offsets can also be estimated from SLR residuals of LEO satellites. To reduce the As an exception to the above significant biases were obtained for the Papeete station, that show up as exceptionally large residuals in the first half of the year. Here, timing biases of − 14.4 µs for January to February and − 5.8 µs for March to June could be derived that yield a notably improved ranging performance when taken into account in the observation modeling (Fig. 8) . Even though a direct comparison with Exertier et al. (2017) is hampered by different analysis periods, time biases of similar magnitude have also been reported for Papeete in that work.
Independent timing biases are routinely derived on a perpass basis by Otsubo (2017) from post-fit residuals of low and high altitude satellites as part of a low-latency quality control process. Despite a larger scatter of timing biases obtained from individual laser ranging satellites, the results are, on average, in good accordance with our results for the Papeete station (Table 7) .
Aside from this particular case, the effect of timing errors is largely buried under other error contributions in our analysis of the ILRS network and therefore most likely negligible in most current applications. Careful attention to timing offset calibrations should nevertheless be paid by station operators to ensure the highest quality of SLR observations. 
SLR tracking of satellite formations
The LEO missions supported by ILRS tracking include three formation flying missions, where two satellites orbit the Earth at small separations compared to their orbital radius (Sect. 2). Distances between the spacecraft range from less than a kilometer for TanDEM-X to 100-200 km for Swarm and GRACE. The two satellites in each of the formations thus share an almost common visibility over the SLR stations with maximum time offsets of less than 30 s. Interleaved tracking is supported by a variety of ILRS stations that can quickly switch between targets during a single pass. Given the availability of GPS receivers with a common field of view, relative positions (or "baselines") can be computed for all of the aforementioned missions using differential carrier phase observations (Kroes et al. 2005; Jäggi et al. 2012; Allende-Alba et al. 2017) . Other than absolute positions of single-satellite POD which commonly achieve a cm-level accuracy, the carrier phase-based relative positions were independently verified to exhibit mm-level accuracy for at least two of these missions using K-band ranging (GRACE) or interferometric SAR analysis (TanDEM-X). As such, SLR tracking of formation flying missions can shed further light on the performance of current ILRS stations.
To illustrate this specialized application of LEO SLR tracking, a sample set of SLR residuals for the TerraSAR-X/TanDEM-X formation is shown in Fig. 9 . The figure covers a single pass of tracking from the Herstmonceux station collected in late November 2016. Tracking started with TerraSAR-X, and alternated between both spacecraft every 20 s. During each of these intervals, a total of four 5 s normal points were collected. The use of a kHz laser system enables a large number of 200-500 individual measurements per normal point and thus a (sub)-mm precision of each normal point.
This high precision is readily evidenced by a very small scatter of consecutive normal points for the two tracked satellites. On the other hand, differences of about 1 cm may be recognized (Fig. 9a) for the residuals computed from inde- Fig. 9 SLR residuals of the TerraSAR-X and TanDEM-X satellites over a single pass of interleaved tracking from the Herstmonceux station: a based on independent precise orbit determination solutions of the two satellites and b based on combination of a TerraSAR-X POD with a carrier phase differential navigation solution for the TerraSAR-X/TanDEM-X baseline pendent, non-ambiguity resolved POD solutions for the two satellites. This is consistent with independent assessments of the relative navigation performance of differenced singlesatellite orbit determination results reported, e.g., in Jäggi et al. (2007b) and .
When using ambiguity-fixed, differential carrier phase observations for the baseline determination of the TerraSAR-X/TanDEM-X formation, a notably increased consistency of SLR residuals for the two spacecraft is obtained (Fig. 9b) . It confirms both a high precision of the baseline determination process, but also an excellent precision of the laser tracking system, when toggling between close-by targets. Even though a detailed quantitative analysis is beyond the scope of the present study, the example nicely illustrates an interesting opportunity for validating advanced SLR tracking systems and/or the baseline determination performance of formation flying missions in low Earth orbit.
Summary and conclusions
As a fully independent metrology system, satellite laser ranging (SLR) to low Earth orbiters (LEOs) represents an indispensable tool for validating GPS-based precise orbit determination (POD) solutions. The validation is based on SLR residuals that represent the differences between observed and modeled station-to-satellite ranges. These demonstrate a consistency of present LEO orbit products with the optical measurements at a level of 1-3 cm and help to demonstrate conformance of these products with mission requirements.
Based on the SLR observations, the relative performance of different processing schemes for GPS-based POD may be assessed. Even though the continuous coverage and the availability of observations from multiple GPS satellites at each epoch enable a purely kinematic positioning of LEO satellites, dynamic or reduced-dynamic orbit models generally result in smoother orbits and improved consistency with SLR observations. Compared to the estimation of floatvalued ambiguities, the use of single-receiver ambiguity fixing is likewise found to benefit the orbit determination process.
Beyond a straightforward use of SLR residuals statistics as a quality metrics for LEO POD solutions, satellite laser ranging is useful to identify systematic orbit errors that may result from deficiencies of the dynamical orbit model or improper information on the accommodation of sensors and antennas. Vice versa, high-quality LEO orbits may serve as reference for improving station positions and bias calibrations in the laser tracking network. Besides the use of local ties at suitably equipped fundamental sites, the SLR validation of GPS-based LEO orbits thus offers a complementary approach to integrate different space geodetic techniques in the construction of global reference frames.
The present study demonstrates a clear benefit of newly available SLRF2014 site coordinates over SLRF2008 values for the analysis of LEO orbits in the year 2016, even though these orbits still refer to the ITRF2008-compatible reference frame realization (IGb08) of the International GNSS Service (IGS). Nevertheless, notable corrections of site coordinates and range biases can be identified for various sites that result in a clearly improved modeling of the SLR observations.
It must be stated, though, that systematic orbit and station errors can affect the modeled SLR range in a similar manner and may thus be difficult to disentangle in the analysis of SLR residuals. Radial orbit errors, station height errors, and range biases, in particular, result in highly correlated contributions that cannot be separated without a proper calibration of the laser tracking network, or accurate knowledge of the relative locations of the laser retroreflector array, GPS antenna phase center and center-of-mass onboard the LEO satellite. Due attention also needs to be paid to the modeling of line-of-sight-dependent range variations related to the use of multi-prism retroreflector arrays. In this context, the use of fully two-dimensional range corrections is strongly suggested for all LRAs and LEO missions.
Overall, a 5-10 mm precision (repeatability) of SLR residuals can presently be achieved for high-grade stations of the International Laser Ranging Service network when making use of state-of-the-art LEO orbit products. Observed inconsistencies in the onboard coordinates of LRA, phase center and CoM are of similar magnitude and the same applies to ranging biases and coordinate uncertainties of many ILRS stations. Continued effort for proper calibration of the ground network and onboard systems will thus be required to remove systematic errors and to turn the precision of today's laser ranging systems into a similar level of accuracy. To fully exploit the ranging quality of the SLR stations, operators should pay particular attention to a proper definition of the relevant reference points and local ties, as well as to timing offset calibrations.
